
M
d2x

dt2
= −γx (1)

ω =

√

γ

M
(2)

E =
1

2
Mv2 +

1

2
γx2 (3)

1

2
γx2

max = kBT (4)

xmax =

(

2kBT

γ

)1/2

(5)

M
d2un

dt2
= −γ(un − un−1) + γ(un+1 − un) (6)

M
d2un

dt2
= −γ[2un − un−1 − un+1] (7)

un(t) = uei(kan−ωt) (8)

−Mω2ei(kan−ωt) = −γ[2 − e−ika − eika]ei(kan−ωt) = −2γ(1 − cos ka)ei(kan−ωt)

(9)

ω(k) =

√

2γ(1 − cos ka)

M
= 2

√

γ

M
| sin

ka

2
| (10)

ω =

√

γ

M
ak = νk (11)

M1
d2un

dt2
= −γ[2un − vn−1 − vn] M2

d2vn

dt2
= −γ[2vn − un − un+1] (12)

un(t) = uei(kbn−ωt) vn(t) = vei(kbn−ωt) (13)

−ω2M1u = γv(1 + e−ikb) − 2γu − ω2M2v = γu(eikb + 1) − 2γv (14)
∣

∣

∣

∣

2γ − ω2M1 −γ(eikb + 1)
−γ(1 + e−ikb) 2γ − ω2M2

∣

∣

∣

∣

= 0 (15)

ω2 = γ

(

1

M1
+

1

M2

)

± γ

[

(

1

M1
+

1

M2

)2

−
4

M1M2
sin2 kb

2

]1/2

(16)

uN+n(t) = un(t) (17)

eikan = eika(N+n) (18)

so that
eikNa = 1 (19)

k =
2π

aN
n (20)

1



El =

(

l +
1

2

)

h̄ω (21)

El(k) =

(

l +
1

2

)

h̄ω(k) (22)

k = (kx, ky, kz) =
2π

aN
(nx, ny, nz) = (

nx2π

L
,
ny2π

L

nz2π

L
) (23)

σ =
F

a2
(24)

F = γx (25)

σ =
γx

a2
(26)

Y =
σ

ǫ
=

γx

a2

a

x
=

γ

a
(27)

En =

(

n +
1

2

)

h̄ωE (28)

〈E〉 = 3NA

(

〈n〉 +
1

2

)

h̄ωE (29)

〈n〉 =
1

eh̄ωE/kBT − 1
(30)

〈E〉 = 3NA

(

1

eh̄ωE/kBT − 1
+

1

2

)

h̄ωE (31)

C = 3NA

(

∂〈E〉

∂T

)

V

= 3R

(

h̄ωE

kBT

)2
eh̄ωE/kBT

(eh̄ωE/kBT − 1)2
(32)

p1 ∝ e−h̄ωE/kBT (33)

ω(k) = νk (34)

〈E〉 =
h̄ω

eh̄ω/kBT − 1
(35)

〈E〉 = 3

∫

h̄ω′

eh̄ω′/kBT − 1
dω′ (36)

〈E〉 = 3

∫ ωD

0

g(ω)h̄ω

eh̄ω/kBT − 1
dω (37)

N =
4

3
πn3 (38)

N =
4

3
π

(

L|k|

2π

)3

(39)

N(ω) =
4

3
π

(

Lω

2πν

)3

=
V

6π2ν3
ω3 (40)
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g(ω)dω =
dN

dω
dω =

ω2V

2π2ν3
dω (41)

3N = 3

∫ ωD

0

g(ω)dω (42)

ω3
D = 6π2 N

V
ν3 (43)

〈E〉 = 3

∫ ωD

0

ω2V

2π2ν3

h̄ω

eh̄ω/kBT − 1
dω =

3V h̄

2π2ν3

∫ ωD

0

ω3

eh̄ω/kBT − 1
dω (44)

〈E〉 =
3V k4

BT 4

2π2ν3h̄3

∫ xD

0

x3

ex − 1
dx = 9NkBT

(

T

ΘD

)3 ∫ xD

0

x3

ex − 1
dx (45)

C =
12π4

5
NkB

(

T

ΘD

)3

(46)

κ = κp + κe (47)

κ =
1

A

∂Q

∂t

∆x

∆T
(48)

κp =
1

3
cλpvp (49)

∆L

L
= α∆T (50)

G = U + PV − TS (51)

Tm =
(0.05a)2γ

2kB
=

(0.05a)2ω2M

2kB
(52)

Tm =
(0.05a)2Θ2

DkBM

2h̄2 (53)
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